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Schomaker, Waser, Marsh & Bergman (1959) have re-
cently pointed out that in fitting, by least squares, a plane
to a set of points, 2%, the normal equations

on=§ (1)

may be badly ill-conditioned under certain conditions.
They propose instead that the equations

Am =/gm (2)

be used, the roots %) yielding not only a best plane, but
also a ‘worst’ plane and an intermediate plane. Since
there is in general little use for knowledge on the planes
of the latter two types, their solution leads to unwanted
results, even though the procedure recommended by
Schomaker et al. is, as was pointed out by them, ‘quite
simple’, since only about 500 digits (decimal) were re-
quired to be recorded when the work was done on a desk
calculator, as shown by their example (model of calculator
not stated). They further remark that the normal equa-
tions (1) may possibly remain ill-conditioned, though not
badly, if, when ‘trouble threatens’, the origin is moved,
although they appear to have incomplete understanding
on this point (not a member of the set z¢). This doubt
concerning the ill-conditioning is of course rather vexing.
We have accordingly carried out a direct test of the
first method, using as our example the x! of Schomaker
et al., as given in the rows j; ¢=1, 2, 3, 4, 5, 6, and
columns ¢;, § =2, 3, 4, of their Table 1, transforming, how-

ever, the z! into
27 =Axt (3)

the elements a;; of A being defined as

(1 —[xt]/nzxt +mida/xt)ds; , (4)

where the m! are obtained from a preliminary solution
of equations (1), di; is as defined by Kronecker, and a
is an arbitrary constant. We shall not concern ourselves
explicitly with the trivial case when d=ay, 7+, since
it is easily dealt with by an obvious method. Because an
appropriate desk calculator was unavailable to us at the
time, the numerical experiment on the dependence of the
ill-conditioning upon @ was carried out with punched
cards on an IBM 650.

Our results, presented in Table 1, give the distances
A4i(a)(A) obtained by the above method. In our opinion,
the use of (3) removes all doubt (within the limits of
error of the numbers used) concerning the residual ill-
conditioning.*

In conclusion we remark that neither method will lead
to an acceptable result if the set 2% is empty.
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Table 1. Numerical data for least-squares plane

Atom D(A)* D(A)F A(d)(A) A(5)(A) A(10)(A)  A(20)(A)
1 0-0030 0-0051 0-0051 0-00307 0-00306 0-00307
2 0-0034 0-0048 0-0048 0-00344 0-00344 0-00345
3 —0-0049  —0-0054 —0-0054 —0-00485  —0-00485  —0-00485
4 00000  —0-0017  —0-0017 0-00001 0-00001 0-00001
5 0-0062 0-0049f  0-0052 0-00622 0-00622 0-00621
6 —0-0079  —0-0070 —0-0070  —0-00786  —0-00786  —0-00787
[] —0-0002 0-0007 0-0010 0-00003 0-00002 0-00002

* Obtained by Schomaker et al. by their ‘correct’ method.
1 Obtained by Schomaker et al. by their ‘incorrect’ method.
I Incorrect value obtained by ‘incorrect’ method (discrepancy may arise from rounding-off errors).



