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S c h o m a k e r ,  Waser ,  Marsh  & B e r g m a n  (1959) h a v e  re- 
c e n t l y  p o i n t e d  ou t  t h a t  in f i t t ing ,  b y  leas t  squares ,  a p l ane  
to  a set  of poin ts ,  x ~, t h e  n o r m a l  equa t ions  

a n  = ~  (1) 

m a y  be  b a d l y  i l l - cond i t ioned  u n d e r  ce r t a in  condi t ions .  
T h e y  p ropose  i n s t ead  t h a t  t h e  equa t i ons  

Am =~gra (2) 

be  used,  t he  roots  2(i) y i e ld ing  n o t  on ly  a best plane ,  b u t  
also a 'wors t '  p l ane  a n d  a n  i n t e r m e d i a t e  p lane .  Since 
t h e r e  is in genera l  l i t t le  use  for  k n o w l e d g e  on t h e  p lanes  
of t h e  l a t t e r  two  types ,  t he i r  so lu t ion  leads to  u n w a n t e d  
resul ts ,  even  t h o u g h  t h e  p r o c e d u r e  r e c o m m e n d e d  b y  
S c h o m a k e r  et al. is, as was  p o i n t e d  o u t  b y  t h e m ,  ' qu i t e  
s imple ' ,  s ince on ly  a b o u t  500 digi ts  (decimal)  were  re- 
qu i r ed  to  be  r e c o r d e d  w h e n  t h e  w o r k  was  d o n e  on a desk  
ca lcu la to r ,  as shown  b y  the i r  e x a m p l e  (model  of ca l cu la to r  
n o t  s t a t ed) .  T h e y  f u r t h e r  r e m a r k  t h a t  t h e  n o r m a l  equa-  
t ions  (1) m a y  poss ib ly  r e m a i n  i l l -condi t ioned ,  t h o u g h  n o t  
b a d l y ,  if, w h e n  ' t r oub le  t h r e a t e n s ' ,  t h e  or igin  is m o v e d ,  
a l t h o u g h  t h e y  a p p e a r  to  h a v e  i n c o m p l e t e  u n d e r s t a n d i n g  
on this  p o i n t  (not  a m e m b e r  of t he  set  x~). This  d o u b t  
c o n c e r n i n g  t h e  i l l -condi t ion ing  is of course  r a t h e r  vexing .  

W e  h a v e  acco rd ing ly  ca r r ied  ou t  a d i rec t  t e s t  of t he  
f i rs t  m e t h o d ,  us ing  as our  e x a m p l e  t h e  x~ of S c h o m a k e r  
et al., as g iven  in t h e  rows j~, i - -1 ,  2, 3, 4, 5, 6, a n d  
co lumns  il, j = 2, 3, 4, of the i r  Tab le  1, t r ans fo rming ,  how-  
ever ,  t h e  x ~ in to  

xJ ----Ax~ (3) 

t h e  e l emen t s  aji of A be ing  de f ined  as 

( 1 -- [xi]/nx i + mida/xt)~ij , (4) 

in revised form 13 June 1960) 

w h e r e  t h e  m ~ a re  o b t a i n e d  f rom a p r e l i m i n a r y  so lu t ion  
of equa t i ons  (1), ~il is as de f ined  b y  K r o n e c k e r ,  a n d  a 
is an  a r b i t r a r y  cons t an t .  W e  shal l  n o t  conce rn  ourse lves  
expl ic i t ly  w i t h  t h e  t r iv ia l  case w h e n  d=a~i, i=~j, s ince  
i t  is easi ly  dea l t  w i t h  b y  a n  obvious  m e t h o d .  Because  a n  
a p p r o p r i a t e  desk  ca l cu la to r  was  u n a v a i l a b l e  to  us  a t  t h e  
t ime ,  t he  n u m e r i c a l  e x p e r i m e n t  on t h e  d e p e n d e n c e  of t h e  
i l l -condi t ion ing  u p o n  a was  ca r r i ed  ou t  w i t h  p u n c h e d  
cards  on an  I B M  650. 

Our  resul ts ,  p r e s e n t e d  in Tab le  1, g ive  t h e  d i s t ances  
Al(a)(A) o b t a i n e d  b y  the  a b o v e  m e t h o d .  I n  our  opinion,  
t h e  use  of (3) r e m o v e s  all d o u b t  (wi th in  t h e  l imi ts  of 
e r ror  of t h e  n u m b e r s  used)  conce rn ing  t h e  res idua l  ill- 
cond i t ion ing .*  

I n  conc lus ion  we r e m a r k  t h a t  n e i t h e r  m e t h o d  wil l  l ead  
to  an  accep t ab l e  resu l t  if t h e  set  x~ is e m p t y .  
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Tab le  1. Numerical data for least-squares plane 

Atom D(A)* /9(A)~ A(d)(A) A(5)(A) 2(10)(A) A(20)(A) 

1 0-0030 0.0051 0.0051 0.00307 0-00306 0.00307 
2 0.0034 0.0048 0.0048 0.00344 0-00344 0.00345 
3 --0-0049 --0.0054 -- 0.0054 -- 0.00485 --0.00485 --0.00485 
4 0.0000 --0.0017 --0.0017 0.00001 0.00001 0.00001 
5 0.0062 0.00495 0.0052 0.00622 0.00622 0.00621 
6 --0-0079 --0-0070 --0.0070 -- 0.00786 --0.00786 -- 0-00787 

[ ] -- 0.0002 0"0007 0"0010 0"00003 0.00002 0.00002 

* Obtained by Schomaker et al. by the~  'cor rec t 'method.  
Obtained by Schomaker et al. by their 'incorrect' method. 

:~ Incorrect  value obtained by 'incorrect'  method (discrepancy may  arise from rounding-off errors). 


